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Dynamical system based optimal control of incompressible fluids.
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Abstract

The choice of the cost functional for vortex reduction in optimal control of fluid flow is still an important challenge. We propose to
utilize a dynamical systems based measure for vorticity involving the velocity gradient tensor in the cost functional. Its effectiveness
and some of its features are demonstrated for boundary control problems.
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1. Introduction

The goal of this short paper is to propose an optimal control formulation for vortex reduction by means of boundary
control and to demonstrate its numerical feasibility. To partially set the stage consider the cost functional of the form

minJ(y, u) = Ji(y) + J2(u), (1)

which is minimized subject to the Navier Stokes equations. ketegy(z, X) denotes the velocity vector of the fluid

at timet > 0 and locatiornx in the spatial domai2, andu stands for the boundary control variable chosen from a
spacel/ of admissible controls. The control variables may represent blowing or suction along the boundary. In many
cases a proper choice fds is given by

T
Jz(u)=//|u(t,x)|2dxdt, (2)
0 I.
whereT > 0 denotes the control horizon afy is the part of the boundar¥ of §2 along which control is applied.

The choice ofJ; is significantly more delicate. In fact, the quantification of vorticity is a research area in its
own right. To explain the approach ldat= Vy(¢, x) stand for the velocity gradient tensor@tx) and introduce its
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symmetric and antisymmetric parfs= %(A + AN andT = %(A — AT, referred to as strain and rotation tensor
respectively. For three-dimensional flows the characteristic equatiof fogiven by

1
A3 — (tr A% + E((trA)2 —trA%)A — detA =0,
where trA denotes the trace of. For incompressible fluids # = 0 and the characteristic equation reduces to
1
23— > tr A%} — detA =0,

with associated discriminam given by
1 2 1 -~
D= (E detA) — E(trA )°.

If D > 0thenA has one real and two complex eigenvalues. Based on these quantities and local dynamical systern
analysis ofx = Ax, various definitions for the existences of vortices in fluids were proposed and analyzed. In [1,2]
vortex cores are related to regions with complex eigenvaluégyoin terms of linear dynamical systems complex
eigenvalues correspond to centers and foci, see [3]. In [4] an eddy is defined as a region wherés positive with
pressure which is below an ambient value. The third definition is based on the strain and rotational tensors and defin
a vortex core as a connected region within which the symmetric méfrix 72 has two negative eigenvalues, [5].
Respective merits and differences among the three definitions are analyzed in [5].

In the two dimensional case the definitions explained so far coincide and a vortex is predicted in regions where th
eigenvalues ofi are complex or equivalently, where

detVy(z,x) > 0. 3)
We aim for an optimal control formulation with vortex reduction as control objective. This suggests the cost functional
T
Ji(y) = / / h(detvy(z, x)) dxdr, 4)
0 20

where$2q denotes the spatial region within which vortex reduction is desirésithe control horizon, and: R — R*
is a nonnegative 1-function, which penalize¥y(t, x) > 0. A possible choice fok is given by

0 if s <=6,
hsy={ S5 +s+5 if —5<s<0, (5)
s—i—% if 0 <s,

for a fixed, small > 0. Note that we chose to regularizéo the left of the origin. Alternatively we could have chosen
h =0 on(—o0, 0] which would have implied relatively small values/ofor smalls > 0, which we want to avoid.

Historically the above quantifications were preceded byQkeeiterion of Hunt, Wray and Moin [4] which defines
a vortex as a region whet&|2 + |S|2 > 0. In two spatial dimensions the same criterion is known as the Okubo—Weiss
criterion [6,7]. All the criteria discussed so far are Galilean invariant, i.e. they remain invariant under coordinate
changes of the formi = Qx + a¢, whereQ is a proper orthogonal tensor aads a constant velocity vector. In a recent
paper by Haller [8] it is argued that Galilean invariance is not sufficient and that proper definitions nobgidtiee,

i.e. they must be invariant under transformations of the fgrQ(7)x + a(z). In [8] a vortex is defined as a set of
fluid trajectories along which the strain acceleration tensor is indefinite over directions of zero strain.

The choice ofJ; as a measure for penalizing vorticity, presents a distinct departure from commonly used cost
functionals in optimal control with drag or vorticity reduction as control objective. We have shown it effectiveness for
distributed control in [9]. A frequently used functional is of the fori(y) = fOTfQO |curly|?, see e.g. [10-13] and
the references given there. The short-coming of usingycian measuring vorticity include that it does not identify
vortex cores in shear flow, especially if the background shear is comparable to the vorticity within the vortex [5]. An
alternative choice of cost functional is given by the tracking functioh®y) = fOT f_% IV — Vstoked?, Whereysiokes
denotes the solution to the Stokes problem with all other specifications as for the nonlinear flow [13—15]. The contro
problem then consists in determining a control for the nonlinear flow which in the least squares sense optimally
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approximates the Stokes flow. One of the advantages of this formulation is given by the fact that the second ordel
sufficient optimality conditions will be satisfied if the controlled nonlinear flow and the linear flow are sufficiently
close.

The focus of this work is to utilize an adequate functional for open loop vortex reduction. Our cost functional is
Galilean invariant, all previously used ones are not. Certainly it would be of tremendous interest to investigate control
strategies which are stable with respect to system perturbations. This requires closed loop control strategies whick
in the context of nonlinear equations, involve the Hamilton Jacobi Bellman (HJB) equation. Due to the well-known
curse of dimensionality it is at present out of scope to numerically treat the HIB equation in the context of control of
the Navier—Stokes equations. In an independently conduced research [16] we combined model reduction technique
with the HIB approach to design robust feedback laws for nonlinear equations. It would certainly be of interest to
utilize the techniques developed in [8] for Galilean invariant cost functionals for vortex reduction.

Note also that care must be exercised in evaluating the success of an optimal control strategy to suppress vortice
It is tempting to use graphical methods comparing the controlled and uncontrolled flows on the basis of local pressure
minima or path-line and streamline formation. In general such approaches are inadequate for detecting and comparin
vortices in an unsteady flow [5]. From a numerical point of view one will monitor the value @f andJ, during an
iterative procedure for solving (1). If one starts with the uncontrolled flow thandJ; must decrease an¥ J| must
converge to 0 as the iteration proceeds. In our numerical experirieaishosen such thah is of approximately the
same magnitude g%/ at the converged values.

Section 2 contains a precise problem statement and the adjoint-based optimality system. It provides the gradien
for the iterative optimization method to solve the optimal control problem. In Section 3 we first specify the numerical
methods that are utilized. Subsequently these methods are tested before we turn to a description of the numerical tes
for boundary control.

2. Adjoint based and numerical optimal control

Let £2 be a bounded spatial two-dimensional domain with boundary y = (y1, y2) we denote the velocity
of the fluid in the directionx = (x1, x2) and p denotes its pressure. The controlled time-dependent Navier—Stokes
equations on the time-space cylind2= (0, T) x €2, T > 0, are given by
1 .
Vi = ggAY+ (Y- Vy+Vp=0 ing, (6a)
—divy=0 inQ, (6b)

where A denotes the component-wise Laplac@le 82y,~/8x]2, (y - V)y stands for the vector with components

Z?:l y;dy;/9x; andRe > 0 is the Reynolds number. The flow is influenced by blowing and suction at the control
boundaryr, according to:

y=u onx, (6¢)

whereX. = (0, T) x I, andu is the control satisfying the incompressibility condition:

T
//u-ndsdtzo, (IC)
or

with n is the outward normal oi". We henceforth set/ = L2(X,) endowed with the commoh2-norm. Ats =0
the initial condition

y(0,X) =Y,(x), forallxe £, (6d)

is imposed, wherg, is a given function orf2. On the rest of the boundary we prescribe inhomogeneous Dirichlet
conditions

y=g onX\ X, (6e)
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whereg is a fixed function satisfying

T

//g~ndsdt:0,
or

andX =(0,T) x I'.
Next we specify the cost functional, which results from the discussion in Section 1. For positive gcafatg
we define

Jy,uy=Ji1+ Jo+ J3, (7a)
T
Ji(y,u) = // h(detVy) dxdt, (7b)
092,
T
Ja(y, u) = g// u?dx dr, (7¢)
orn
T 2
hw¢o=%/(fuwmn>dt (7d)
0 I

with £2, € £2 andh as in (5). Here/3 penalizes the deviation of the flow from the incompressibility condition (I1C).
The optimal control problem that we consider has the form

minJ(y,u) suchthat (y, p,u) solves (6). (P)

Let (y*, p*,u*) denote a local solution to (P). Such a solution must satisfy the first order optimality conditions,
referred to as the optimality system. To formally derive this system we introduce

T
1
LY. p.UE.7) = J(Y.U) + //(y - AV V)Y Vp)sdxdt
0 2

T T
+ffndivydxdt+//(y—u)uchdt.
02 0TI,

Taking derivatives with respect tg p, u, &, 7 we obtain the optimality system in the primal variablgsp, u) and
the adjoint variablegt, ), where for convenience we drop the superscripts

1 .
Vi = o AY + (Y- V)Y + Vp=0 in Q. (8a)
—divy=0 inQ, (8b)
y=g onX\ %, (8¢)
y(©,) =Y, on 2, (8d)
1 .
ko M (V) TE (- VIEF VT =—Jy in Q. (8e)
—diveE=0 inQ, (8f)
£=0 onx, (89)
E(T,) =0 in 2, (8h)
R S inv. (8i)
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whereJy is the directional derivative of with respect tgy. Introducing the reduced cost functionad U — R by

J(u) = J(y(u), u),

wherey(u) solves (6) for the contral € U, we obtain from (8) that the gradient of the reduced cost functionalirmat
directionsu € U is given by

J' ), 6u f/( — = —nn+nq</u-nd1}))8ud1}dt, (9)

.

whereé is computed from (8).
Our numerical approach is based on the reduced problem

minimize J (u) := J (y(u), u) overue U, (10)

wherey corresponds to the solution of (6). Problem (10) is solved by a Polak—Ribiere type conjugate gradient algo-
rithm (CG-algorithm) combined with a Wolfe—Powell line search procedure [17] for computing appropriate step-sizes
along the CG search direction in every iteration.

Based on the error analysis and the arguments given in [18] we used the conditions

|7y — Fh| <e;(1+ [JWH)), (11)
Jut =y < e+ Iutio) (12)

for termination of the CG-algorithm.
3. Numerical results

Here we present a numerical example by which the applicability of the proposed method for boundary control
is tested. As a test example we chose the flow in a 2D lid-driven cavity [19,20] illustrated in Fig. 1. This flow has
unambiguous and easy to pose boundary conditions and possesses important features of a real flow: boundary laye
core vortex and secondary vortices. These features are illustrated in Fig. 2(a) by a stream furjcdod yelocity
vectors plot forRe = 400. The flow occupies the regiad = (0, 1) x (0, 1). Most of the cavity is occupied by the
primary vortex (PV) which is driven by the moving lid. The PV induces the bottom-left (BL) and bottom-right (BR)
vortices. These vortices are also illustrated in Fig. 2(b) by a contour plot &fydet

X

Fig. 1. Sketch of the Lid driven cavity flow together with the observation dom@j),(control boundary I = I'zx U I';y) and the unit outward
normal ().
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Fig. 2. Lid-driven cavity flow aRe = 400: (a) Stream function and velocity vectors; (b) Levels of\detNote that in the oval regions near the
bottom corners défy > 0.

3.1. Discretization

The controlled Navier—Stokes (6a) and continuity (6b) equations are discretized in space by means of a staggere
grid control-volume approach [21] on a uniform grid. A fifth-order upwind finite difference scheme is applied to
the convection terms whereas a fourth-order centered scheme is used for the diffusion terms. The fluxes across t
control volume faces are calculated using the mid-face value of the corresponding variable, which results in an overa
second order space discretization. Continuity is enforced through a SIMPLE-like scheme [21] where a discrete Poissc
equation is iteratively solved by means of the conjugate gradient method [22]. An explicit first order Euler scheme
is used to integrate the discrete momentum conservation equations in time. The adjoint equations (8e) and (8f) a
solved using the same approach, accounting for the fact that the time integration is backwards in time. The time ste
is chosen small enough to guarantee both time accuracy and convergence of the solutions of the primal and adjoi
systems.

Before going on, we present some results to check the solution of (8) with boundary control. The solution of the
primal system (6) is validated in [9] by comparing our results with results from [19]. A standard check of the solution
of the optimality system (8) is to track the flow B, to Stokes flow. In this case:

T

Ji(y) = // |y_yStoke42 dx dr,

0 £,

where$2, = (0.85,1) x (0,0.15) and I, = I, U I, (herel;, =[0.5, 1] and I, = [0, 0.5] are the portions of the
control boundary parallel to th€ andY directions, respectively, see Fig. 1). Fig. 3(a) presents a zoom of the velocity
vectors in the BR corner of the uncontrolled flow e = 400, 7 = 5 while Fig. 3(b) presents the target flow (the
Stokes flow). The control action shown in Fig. 3(d) prevents the counterclockwise motion of the fizgwihich is

not present in the Stokes flow.

3.2. Reduction of the BR vortex

Our control objective is to reduce the BR vortex by means of blowing and suction at the cavity walls. For this
purpose we consider the control boundary and observation domainfodsedefined above an@, = (0.75, 0.95) x
(0.05, 0.2), respectively.

Before presenting the numerical results we give the values of some parameters used in the numerical solution of tl
optimality system. The stopping tolerancgis chosen in such a way that further iterations do not lead to significant

changes iru andy. For the results presented in this paper= 1078, For this tolerance level the values &f are
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Fig. 3. Boundary control. Tracking to Stokes flow feRe =400 andl' = 5. Heref2, = (0.85, 1) x (0, 0.15). (a) Velocity vectors of the uncontrolled
flow; (b) Velocity vectors of the target flow; (c) Velocity vectors of the controlled flow-at4; (d) Control action at = 4. Note that the velocities
outside of the bottom-left corner are padded with zeros purely for visualization purposes.

around 10 and the iteration terminates withu; — uz_1|ly < 1.15x 10~ and||ux ||y &~ 0.15. If €;= 10~* we still
obtain good convergence and the iteration stops ith— ux_1 ]|y < 1.15x 1072

The value of the penalty parameter is fixedite: 100 for all the calculations. For this valuegfJz < 10~ which
implies a good satisfaction of the incompressibility condition. Smaller valugsaoé also tested and for example for
g =1, J3 < 1078, No significant difference between the results for these valugssbbserved.

The time horizon is fixed t@ = 5 for all the numerical examples if not stated otherwise. The regularization
parametei takes a valué = 10~4 which approximately corresponds to the accuracy of the discretization for the
grids used. Values € § < 103 are also tested but no significant differences in the results are found.

A typical value for the cost-parameter fis= 10~2. In this case/; and8J» are of approximately the same order
at the converged values. Results Re= 400, grid resolution 4k 41, and time step.015 are presented in Fig. 4.

It should be noted that in this case the CG method is initiated with a zero control guess for the first iteration. The
velocity vectors of the uncontrolled flow in the region of the BR vortex are the same as those in 3(a). We monitored
the values of/ and|VJ|| during the iteration and confirmed that they are decreasing. The contour plotg@f/det
presented in Figs. 4(a)—(b) show again the reduction qfMigtin 2, when control is applied. The blowing/suction
action near the end of the time horizan<£ 4) is shown in Fig. 4(c). It can be seen that the control tries to counteract
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Fig. 4. Boundary control using déty). Results forRe = 400 andT = 5. (a) Contour plot of dé¥Vy) for the uncontrolled flow; (b) Contour plot

of det(Vy) for the controlled flow at = 4; (c) Control action at = 4; (d) Velocity vectors of the controlled flow at= 4; Notes: the velocities

outside of the bottom-left corner in (d) are padded with zeros purely for visualization purposes; The dashed contour levels correspond to negatiy
values and the continuous ones to positive values.

the BR vortex. The controlled flow shown in Fig. 4(d) shows that the BR vortex is suppressed by injecting fluid
from the lower wall (mostly in the regio(D.7, 1)) and sucking from the vertical wall (mostly in the regi@ 0.2)).
This at first glance unexpected direction of the blowing/suction direction motivated us to perform two additional tests
starting the CG method from different initial guesses. The CG method is initialized with time independent control with
u1lr, = u2|r, = £0.01 and the results are shown in Fig. 5. The idea behind the initialization with &ign lies in
the intuitive expectation that the control should blow from the vertical wall and suck from the horizontal wall and thus
sweep out the BR vortex. The resulting controlled flows-at4 are shown in Fig. 5(a) and (c) and the corresponding
controls in Figs. 5(b) and 5(d) for the and+ sign, respectively. It can be seen that the BR vortex is swept out in
both cases. The convergence history for these cases (not presented here) shows a smaller detraadd;ftiian
for the case with zero control as an initial guess. This motivated us to initialize the CG iterations with zero control for
the subsequent simulation.

We further checked the performance of the method for a higher value of the Reynolds number, Rem&§00.
It should be noted that we obtained a significantly better decreagenihen initializing the CG iteration with the
control obtained foRe = 400 and therefore we present these results in Fig. 6. The contour plotgGfileresented
in Figs. 6(a)—(b) show again the reduction of @&t) in £2,. The blowing/suction action near the end of the time
horizon ¢ = 4) is shown in Fig. 6(e). It can be seen that the control tries to counteract the BR vortex. The controlled
flow shown in Fig. 6(f) shows that the BR vortex is suppressed when judged by the velocity field.
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Fig. 5. Boundary control using déty). Results forRe=400,7 =5 andr = 4. The CG method is initialized with a time independent control
(u1lr, = u2|r, = £0.01). (a) Velocity vectors of the controlled flow for the sign; (b) Control action for the- sign; (c) Velocity vectors of the
controlled flow for the+ sign; (d) Control action for the- sign. Note that the velocities outside of the bottom-left corner are padded with zeros
purely for visualization purposes.

4. Conclusions

Based on definitions for vorticity involving the velocity gradient tensor we proposed an optimal control formula-
tion for boundary control of vortices in incompressible fluid flow. The optimality system was characterized and an
iterative numerical solution procedure was proposed. The effectiveness of the formulation was demonstrated for the
model problem of cavity flow with blowing/suction along parts of the boundary. A comparison to the well established
optimal control formulation based on tracking to the Stokes flow is provided as well. We believe the results encourage
further investigations including three-D flows, flows involving more complex geometries and flow patterns. Let us
also recall that the quantification of “vorticity” is not fully settled and this in turn will have impact on the proper opti-
mal control formulation. From the mathematical and optimization point of view the cost functionals which arise from
different quantifications of vorticity given in the literature offer interesting new challenges including, for example,
the development of sufficient optimality conditions and sensitivity analysis with respect to the geometry of the flow
region.
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Fig. 6. Boundary control using déty). Results forRe= 1000 andl’ = 5. The CG method is initialized with the control obtained Re= 400.

(a) Contour plot of deéVy) for the uncontrolled flow; (b) Contour plot of d&ty) for the controlled flow at = 4; (c) Control action at = 4;

(d) Velocity vectors of the controlled flow at= 4; Note that the velocities outside of the bottom-left corner are padded with zeros purely for
visualization purposes. The dashed contour levels correspond to negative values and the continuous ones to positive values.
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